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a b s t r a c t 
We present a hybrid radiative transfer geometric optics approximation to model multiple light scatter- 
ing in arbitrary ﬁnite discrete random media in the geometric optics regime. In the hybrid model, the 
medium is divided into a mantle composed of discrete particles and into a diffusely scattering core. In 
the mantle, multiple scattering is handled by using a ray-tracing algorithm with the generalized Snel’s 
law for inhomogeneous waves, whereas, in the core, ray tracing with diffuse scatterers is incorporated to 
approximate multiple scattering and absorption. The extinction distances required to compute the scat- 
tering in the core are derived numerically by tracing the distances of the scattering and absorption events 
instead of using the classical extinction mean free path length. We have written a new framework that 
can treat arbitrary meshes consisting of watertight surface meshes with multiple diffuse scatterers and 
refractive indices. Comparison between the “ground truth” obtained from pure geometric optics ray trac- 
ing, the solutions obtained by using radiative transfer, and the hybrid model show that the hybrid model 
can produce better results, particularly, if a densely-packed medium is studied. In the future, the new 
approximation could be used to solve light scattering from larger media, such as asteroid surfaces, that 
are out of reach for the pure geometric optics methods due to their computational complexity. 
© 2019 The Authors. Published by Elsevier Ltd. 
This is an open access article under the CC BY-NC-ND license. 
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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0. Introduction 
Light scattering in the geometric optics regime, where targeted
bjects are larger than the wavelength, has been under exten-
ive study for a long time ranging from the ﬁeld of astrophysics
1–3] to the ﬁeld of atmospheric sciences [4] . The research is
eing continued by, e.g., improving the models [5–7] and studying
arious effects derived from the approximations [8] . The simplest
ay to approximate light scattering in the geometric optics regime
s to use ray-tracing algorithms [9] . When interacting with the sur-
aces, the rays can be refracted or reﬂected according to the Fresnel
quations and Snel’s law in weakly absorbing media, whereas more
eneralized forms of these are required when a high imaginary
art of the refractive index is present [10–12] . Due to the simplicity
f the algorithm, it is an excellent way to simulate light scattering
f complex-shaped particles, but if the studied object is vast with
ultiple facets the required computing capacity can grow tremen-
ously. The options are then to use approximations or increase the∗ Corresponding author. 
E-mail address: timo.h.vaisanen@helsinki.ﬁ (T. Väisänen). 
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022-4073/© 2019 The Authors. Published by Elsevier Ltd. This is an open access article uomputing capacity. Approximations vary from applying shadowing
o the surface [13] or using radiative transfer to approximate the
ultiple scattering part of the problem [4] . There are also related
orks about shadowing and surface roughness such as [14–16] . 
Recently, radiative transfer in the geometric optics regime was
sed to model multiple scattering in dense regoliths of the asteroid
4) Vesta using the ray-tracing program SIRIS4 [17–20] with dif-
use scattering and inhomogeneous-wave capabilities. In that ap-
roach, multiparticle systems are studied by computing the scat-
ering properties of multiple particles independently, mixing them
tatistically and using the ensemble-averaged scattering character-
stics as a diffuse scatterer. In order to improve the usage of radia-
ive transfer with materials such as densely-packed regoliths, we
ewrote the existing SIRIS4 framework to support multiple parti-
les. The new framework was written to be the general version
f SIRIS4, capable of handling any triangulated meshes consisting
f watertight (or closed) surface meshes, support multiple com-
lex refractive indices and diffuse materials instead of being bound
o Gaussian-random-sphere particles. Furthermore, a packing algo-
ithm capable of producing meshes composed of multiple parti-
les and shapes had to be written. The framework will be usednder the CC BY-NC-ND license. ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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  to compare the model, in which radiative transfer is applied, to
the ground truth, where everything is computed rigorously using
purely geometric optics laws. 
To model large media, such as planetary regoliths, more accu-
rately, we present a hybrid radiative transfer geometric optics ap-
proximation (from now on a hybrid model), in which a medium
is divided into a mantle of discrete particles and a diffusely scat-
tering core. The extinction distances in the core are drawn from
a numerically acquired distribution of extinction distances instead
of using a classical extinction mean free path length based on the
sparse-medium approximation. We show numerically that the hy-
brid model with the extinction distance distribution is capable of
solving a full scattering matrix more accurately than the pure ra-
diative transfer (RT) approach when the medium is dense. The
comparison is performed by solving the multiple scattering prob-
lem rigorously with the generalized laws by Snel and Fresnel, the
RT approach, and the hybrid model. 
In the Theory section, we present the major terminologies
and concepts brieﬂy, whereas, in the Methods section, the used
methodologies (packing algorithm, SIRIS4, RT, hybrid model) are
described more closely. In the Results and Discussion, these dif-
ferent methodologies are compared against each other by studying
different discrete random media. 
2. Theory 
Electromagnetic scattering can be divided into six different
regimes, which identify available scattering theories to solve the
light scattering problem [21] . The regimes are distinguished by the
size parameter x and the real part of the refractive index Re( m ).
The size parameter is a relation between the radial measure of the
particle a and the wavelength of the incident light λ ( k = 2 π/λ is
the wave number), 
x = ka = 2 πa 
λ
. (1)
If the refractive index is intermediate (Re( m ) ≈1.5), there are
roughly three regimes; the Rayleigh ( x 1), Mie/resonance ( x ≈1),
and geometric optics ( x 1) regimes. The imaginary part of the re-
fractive index presents the absorptive properties of the material. 
Following the formalism of [22] , electromagnetic scattering can
be described with the relation 
I sca = 1 
k 2 r 2 
d 
S (θ ) I inc , (2)
in which the Stokes vectors I inc and I sca can be used to describe
the polarization state of the incident and scattered electromagnetic
wave with the help of the scattering matrix S ( θ ) and the distance
r d . By integrating over the full solid angle, the scattering cross sec-
tion σ sca is attainable, 
σsca = 1 
k 2 
∫ 
4 π
d S 11 (θ ) , (3)
which, with the radiation absorbed by the particle σ abs (absorption
cross section), can be used to ﬁnd the extinction cross section 
σext = σsca + σabs . (4)
These can be used to ﬁnd the single-scattering albedo ˜ ω , 
˜ ω = σsca 
σext 
, (5)
and the so-called co-albedo 1 − ˜ ω describing the fraction of ab-
sorbed light. 
The light scattering characteristics in the geometric optics
regime can be approximated by tracing independent parallel rays
because the electromagnetic waves act as a localized entity due
to the size difference of the surface and the wavelength ( λ a )23] . This approximation is still missing forward diffraction, which
s caused by the electromagnetic wave collectively interacting with
he apertures and exterior of the medium. Fortunately, the forward
iffraction can be treated as a separate entity in the geometric op-
ics regime [17,24] . The scattering cross section σ sca as well as S
an be divided into the geometric optics (superscript GO) and for-
ard diffraction components (superscript D) 
sca = σ GO sca + σ D sca (6)
nd 
 (θ ) = S GO (θ ) + S D (θ ) . (7)
he forward diffraction is only prominent near the forward-
cattering direction and can be omitted if only the scattered light
n the backscattering direction is studied, which is the case in this
tudy. The geometric optics treatment can be studied further from
17,19] . 
For the RT approach, the extinction coeﬃcient is deﬁned by 
ext = σext , v 
V 
, (8)
n which σ ext,v gives the total extinction cross section of the scat-
erers within a volume element V . It can be then used to ﬁnd the
ate of which the ray loses intensity within the media, and deﬁne
he extinction mean free path length 	 0 , 
 0 = 1 
κext 
, (9)
hich is the average distance between extinction events. 
. Methods 
.1. Random media generation 
Multiparticle ray-tracing simulations require the generation of
he geometry for the object. One way is to generate multiparticle
eshes with the so-called Gaussian random ﬁeld particles [25] but
n this study, we are interested in the usage of the Gaussian-
andom-sphere (from now on GRS) particles [17] as the shape of
he individual particle, so a packing program was written. A mesh
omposed of GRS particles with a relatively small standard devia-
ion of the radius, and a thin size distribution are easily obtainable
p to the volume fraction v = 0.3 by randomly placing the particles.
 wider size distribution, more exotic shapes, or higher densities
equire more sophisticated algorithms to obtain the desired ran-
om media. To be able to generate meshes with volume fraction
p to 0.4 or higher, a simpliﬁed version of the so-called mechani-
al contraction was implemented [26–28] . 
In the algorithm, the size distribution is generated before the
acking starts, and the large particles are placed before the small
nes to ensure that every particle is placed inside the periodic box.
he medium is initially packed by randomly placing randomly-
riented particles in a way that they do not overlap with each
ther which is possible up to v = 0.3. In the next step, the positions
f the particles are scaled by the factor of 
 while the original
hape, orientation, and size are kept constant. Simultaneously, the
eriodic boundaries are only scaled by a factor of (1 + 
) · 0 . 5 and
ll the particles are translated toward the center of the periodic
ox. The shrinking is followed by a relaxation process in which the
verlapping particles are identiﬁed, and a displacement factor  xi 
s computed from 

 oi = 
N i ∑ 
j 

 ri −  r j 
|  ri −  r j | 2 , 

 xi = 

 oi 
|  o | u x, (10)i 
T. Väisänen, J. Martikainen and K. Muinonen / Journal of Quantitative Spectroscopy & Radiative Transfer 241 (2019) 106719 3 
Fig. 1. Random medium composed of Gaussian random spheres with a Gaussian size distribution (left). The single periodic box is highlighted in red. Spherical medium (red) 
is culled from the periodic box (middle). An example of a spherical medium used in the simulations (right). (For interpretation of the references to colour in this ﬁgure 
legend, the reader is referred to the web version of this article.) 
i  
p  
i  
T  
t  
o  
n  
m  
t  
d  
t  
o
 
s  
a  
o  
o  
e  
m  
t  
t  
P  
v  
m

t
3
 
e  
n  
p  
p  
t  
e  
a  
e  
r  
i  
t  
w  
i  
i
i  
r  
f
 
h  
t  
t  
a  
t  
[  
w  
c  
p  
n  
p
3
 
h  
s  
t  
c  
c  
g  
m  
(
κ  
i  
c  
w  
u  
e  
s
ω
a
f
S
A  
c  n which N i is the number of particles, which overlap with the
article i, u = [0,1[ is a uniform random number, x is the max-
mum translation length and  rk is the location of the particle k .
he displacements are then applied to the particles. After all the
ranslations are executed, particles are randomly selected one by
ne and allowed to translate and rotate randomly while preventing
ew overlapped particles from forming. This relaxation is executed
ultiple times until there are no overlapping particles, and after
hat, the particles are allowed to move while the non-overlap con-
ition is enforced. The system can be shrunk and relaxed multiple
imes in small steps which gradually reduces the volume fraction
f the periodic boundary to the desired value. 
The packer is written in C ++ and it uses the Flexible colli-
ion library [29] to detect the intersecting facets of arbitrary tri-
ngle meshes. Because the collision is based on the intersection
f the facets, a particle shape is not enough to enforce the non-
verlap condition, and hence internal structure needs to be gen-
rated for the particle (e.g., Voronoi) especially if the radii of the
eshes follow a size distribution, such as the power-law distribu-
ion. The program generates a mesh which then can be culled from
he periodic box to the desired shape, such as a sphere (See Fig. 1 ).
articles can be scaled to follow a size distribution. The user pro-
ides a discrete distribution r ( u ) of radii of spheres, and the given
eshes with volumes V i are scaled with a factor of 
i = 3 
√ 
4 
3 
π r(u ) 3 
V i 
, (11) 
o give an equal-volume sphere. 
.2. New framework 
In the new framework for SIRIS4 [18–20] , most underlying el-
ments are the same as earlier [19,20] . However, there are mi-
or changes which have been introduced to parts handling the
hysics since the original publications [19,20] . The high imaginary
art of the refractive indices would break the energy conserva-
ion and therefore the deﬂection angle was added [10,30] . How-
ver, it added another shortcoming since the new framework uses
 Mueller matrix to relate the polarization of the incoming and
merging rays. Problems emerge with the surface rays, which are
efracted close to the surface. These rays emerge from the general-
zed Snel’s law when in the classical sense a total internal reﬂec-
ion occurs. In order to detect the emergence of the surface rays,
e use the condition from Snel’s law for the non-absorbing case,
n 1 sin θi 
n 2 
> 1 , (12) 
nstead of the one derived for the generalized Snel’s law [12] for
nhomogeneous waves, N 1 sin θi 
N 2 
> 1 , (13) 
n which N 1 and N 2 are the real parts of the apparent complex
efractive indices. The user is made aware of the collected energy
rom the surface rays at the end of the program execution. 
The SIRIS4 generated only a single GRS particle at a time. SIRIS4
ad to be reworked to support arbitrary meshes and various ma-
erials with or without diffuse inclusions in order to accomplish
he research of this paper. The new framework is written in C ++ ,
nd the rays are traced in an axis-aligned bounding box (AABB)
ree using the Computational Geometry Algorithms Library (CGAL)
31] . The refraction, reﬂection, and radiative transfer are handled
ith the Fortran modules presented in SIRIS4 [19,20] excluding the
hanges mentioned above. The new framework is not capable of
roducing averaged values over multiple meshes so these features
eed to implemented with separate scripts, e.g., by invoking the
rogram with multiple meshes. 
.3. Radiative transfer approach 
Large aggregates of particles in the geometric optics regime
ave been approximated by treating discrete scatterers as a diffuse
catterer and solving the light scattering properties by using radia-
ive transfer [20] . First, the properties of individual scatterers are
omputed individually and the mixture is statistically combined to
reate one diffuse scatterer with collective properties such as a sin-
le extinction mean free path length 	 , albedo ˜ ω , and scattering
atrix S . The extinction coeﬃcient for the mean free path length
see Eq. (9) ) is solved by using the equation from [32] , 
ext , tot = v 0 
N ∑ 
i =0 
w i 
〈 q ext A 〉 i 
V i 
, 
∑ 
w i = 1 , (14)
n which i presents an ensemble-averaged random particle with
ommon properties, such as size, shape, and material composition,
 i is the weighting factor in the mixture, which corresponds to the
nderlying size distribution of the particles, 〈 q ext A 〉 i is the averaged
xtinction cross section of the scatterer, and V i is the volume of the
catterer. The albedo ˜ ω is computed from the equation 
˜  = 
∑ N 
i =0 w i 〈 q sca A 〉 i ∑ N 
i =0 w i 〈 q ext A 〉 i 
, (15) 
nd the scattering matrix elements S 11 , S 12 , S 22 , S 33 , S 34 , and S 44 
rom 
 l j = 
N ∑ 
i =0 
w i S l j,i . (16) 
fter the collective properties are computed, the polygonal mesh
orresponding to the studied aggregate is used as a host for the
4 T. Väisänen, J. Martikainen and K. Muinonen / Journal of Quantitative Spectroscopy & Radiative Transfer 241 (2019) 106719 
Fig. 2. The diffusely scattering core (purple) and the pure geometric optics mantle (grey) for the volume fractions v = 0.05, 0.1, 0.3, and 0.4. (For interpretation of the 
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.) 
Fig. 3. The mantle and the core are created by removing inner particles (white) from the packed medium and by placing a spherical core (purple) to the center. The gap 
between the core and the mantle is ﬁlled by “inﬂating” the core. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version 
of this article.) 
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t  diffuse scatterers, and the scattering properties are solved by using
radiative transfer [18,33,34] . 
If the studied media is small and the extinction mean free path
length is large, it is probable that the ray propagates through the
media without interaction, which is then registered in the forward
scattering direction. The direct transmission in the radiative trans-
fer approach is equivalent to no interaction in the pure geometric
optics approach causing absolute values to differ. Therefore, in or-
der to make the results comparable, effective cross section area A eff
is used instead of the geometrical cross section area A geom when
diffuse scattering is in use. The effective cross section area is de-
ﬁned as 
A eff = A beam 
n hit − n dt 
n 
, (17)
whereas the geometrical cross section is 
A geom = A beam 
n hit 
n 
, (18)
in which A beam is the cross section of the incident beam, n is
the total number of generated rays of which n hit and n dt hit the
medium, the latter being directly transmitted. 
3.4. Hybrid model and extinction distance distribution 
The RT is derived for small particles, as well as sparse inﬁnite
media [23] , and if the RT is applied to the densely-packed dis-
crete random media, there will be problems. They arise from the
replacements of the discrete surface with a statistical layer without
distinct features such as shadows. 
Distinct surface features are not present in the pure RT ap-
proach. Surface features are essential especially when the medium
is opaque due to scattering being localized near the boundary in-
stead of penetrating deep into the medium. In the hybrid model,
the surface structure is added by leaving a layer of particles (man-
tle) on the surface of the RT region (see Fig. 2 ), in which the gen-
eralized Snel’s law applies. We used the packing algorithm men-
tioned above to generate fully packed meshes from which the
mantle is formed by culling inner and outer particles. The RT re-
gion or a core is then placed at the center of the mantle (see
Fig. 3 ). In order to prevent a massive gap between the mantle andhe core, the gap is ﬁlled by “inﬂating” each facet of the core by
caling the vertices while preventing overlaps forming. 
Another problem in the RT is the simpliﬁed extinction mean
ree path length based on the geometries. Fig. 4 demonstrates the
iscrepancies caused by the use of a diffuse scatterer as an approx-
mation for the ﬁnite-sized aggregates. For the RT ray (blue line),
he scattering event occurs in an arbitrary location described by
he exponential distribution along the line of the propagation, then
bsorption is applied, and the ray is scattered to a new direction,
hereas the real interaction is more complex with multiple refrac-
ions and reﬂections (see rays a, b, and c). Eq. 9 does not include
hape information, shadowing from other particles or light scatter-
ng properties of a single particle. Hence, we propose that, in or-
er to remove the discrepancy between the hybrid model and the
T, the distance to the next scatterer is drawn from an extinction
istance distribution, which removes the need for the exponential
ttenuation assumption. 
We decouple the extinction distances from the actual scattering
nd absorption processes. For the latter two processes, we assign
he average single-particle characteristics. The extinction distance
istribution can be generated in a separate step before the actual
imulation by using the same meshes. The ray is traced through
he ﬁrst particle without interacting with it (purple lines Fig. 4 ),
nd then the distance (red lines) to the ﬁrst reﬂection (ray a), full
bsorption (ray b), or the ﬁrst refraction out from the particle (ray
) is logged. Next, the logged distances are used to form a proba-
ility density function. The right tail of the distribution may need
o be extrapolated if the right end of the distribution is cut due to
he small size of the medium. These distributions can then be used
o draw distances between interactions in the diffuse medium. 
Earlier work in [15,16,35] suggests that separating the average
cattering matrix from the extinction distances can lead satisfac-
ory approximations. 
. Results 
The scattering properties of discrete random media were com-
uted using ﬁve different ways, the pure geometric optics (GO)
epresenting the ground truth (see Figs. 6–13 ). This approach is
hen compared to the RT solution and the hybrid model by us-
T. Väisänen, J. Martikainen and K. Muinonen / Journal of Quantitative Spectroscopy & Radiative Transfer 241 (2019) 106719 5 
Fig. 4. A demonstration of a problem of the extinction distances in the RT approach 
(blue arrow) compared to the pure geometric optics approach (rays a, b, c). In the 
latter, the extinction distances (red) are computed by letting the rays pass through 
the ﬁrst particle without interaction (magenta), and then the rays are traced until 
they are reﬂected (a), absorbed (b), or refracted from a particle (c). In (c), the ray 
may undergo multiple internal reﬂections before the refraction. (For interpretation 
of the references to colour in this ﬁgure legend, the reader is referred to the web 
version of this article.) 
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Fng the classical extinction mean free path length (“diffuse, classic”,
hybrid, classic”) and the extinction distance distribution (“diffuse,
GO”, “hybrid, eGO”, e stands for the case, where the extinction
istance distribution is computed using the GO.). 
The studied media were composed of 100 GRS particles with
 power-law index 4.0, relative standard deviation σ= 0.2, and
ith refractive index m = 1.6+i0.0 0 01 generated by using the al-
orithm from [17] . The sizes of the particles were scaled to have
he equal-volume-sphere radii that follow the power-law size dis-
ribution (index ν = 3 , x = [50,200], see Figs. 6–9 ) or to have con-
tant size ( x = 200, see Figs. 10–13 ). The size of the medium wasig. 5. Histograms for m = 1.6+0.i0 0 01 cases obtained by logging distances ( x -axis) betwee
ig. 4 ). The exponential attenuation function is ﬁtted to the data to extrapolate the tail ofept constant at kR = 20 0 0, whereas the volume fraction varied
mong v = 0.05, 0.1, 0.3, and 0.4. For the pure GO approach, the
eshes were generated by using the algorithm described above in
ection 3.1 . The incident ﬁeld covered a small area of the medium
n order to minimize the effects of curvature ( kR inc = 250) and the
cattering angles 90 ◦–180 ◦ are shown to highlight the differences
n the backscattering direction. In Fig. 14 , the distinctive differ-
nces of Figs. 9 and 13 are compared by showing the entire scat-
ering angle range. 
The extinction distance distributions are computed by using a
odiﬁed version of the new framework, which logs distances be-
ween the scatterings and absorptions (see Section 3.4 ). Geome-
ries used in this computation are the same as those used for the
ure GO approach as an input, but the beam size is focused in
he center of the studied medium kR inc = 50 to prevent effects from
he curvature. Extinction distance distributions for the sparse cases
 v = 0.05 and v = 0.1) were created using larger media kR inc = 80 0 0,
o that the entire right tail of the histogram could be obtained (see
ig. 5 ) . Exponential functions were ﬁtted to the histograms in or-
er to provide a comparison to the extinction mean free paths (see
n Table 1 ). 
The mantle and core were generated for the hybrid model by
ollowing the procedure discussed in Section 3.4 . The mantle was
reated by removing particles whose centers coincide inside the
phere of radius kR core,remove = 1400. Then the core ( kR core,init = 1200)
as placed inside the mantle, and the gaps were ﬁlled by scaling
ertices of the core’s facets up to kR core,inﬂated = 1600 if possible. The
hickness of the mantle varied between kR crust = [40 0,80 0]. Fig. 15
hows the effect of the gap to the results shown in Fig. 11 . 
In the RT approach ( Section 3.3 ), the scattering properties of
hese 100 particles were computed individually using the frame-
ork, and were then used to form the collective scattering prop-
rties, albedo, extinction mean free path length (see Table 1 ), andn the ray’s entry point and the ﬁrst refraction, reﬂection, or absorption point (see 
 the distribution (orange). 
6 T. Väisänen, J. Martikainen and K. Muinonen / Journal of Quantitative Spectroscopy & Radiative Transfer 241 (2019) 106719 
Fig. 6. Nonzero scattering matrix elements for an aggregate with v = 0.05 and m = 1.6+i0.0 0 01 in the case of constant particle size. 
Fig. 7. Same as Fig. 6 , but v = 0.1. 
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F  scattering matrix by using the equations from Section 3.3 . These
collective properties were then input to the framework as a dif-
fuse scatterer inside a spherical medium of size kR = 20 0 0. In addi-
tion, the mean free path length was replaced with the extinction
distance distribution. 
The albedos ˜ ω of each case are shown in Tables 2 and 3 along-
side the mean absolute percentage error  for the angles between
0 ◦ and 180 ◦. . Discussion 
Figs. 6–13 show that the classical RT approach does not work
hen the medium is dense and contains complex size distribu-
ions. The best match acquired with the classical way is when
he particles have a constant size and the medium is sparse (see
ig. 6 ). However, if the power-law distribution is present (see
ig. 10 ), the classical way exaggerates the number of multiple scat-
T. Väisänen, J. Martikainen and K. Muinonen / Journal of Quantitative Spectroscopy & Radiative Transfer 241 (2019) 106719 7 
Fig. 8. Same as Fig. 6 , but v = 0.3. 
Fig. 9. Same as Fig. 6 , but v = 0.4. 
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w  ering events, which is shown as the lower mean free path length
 0 in Table 1 . 
The intensity in the sparse cases ( Figs. 6–7 and 10–11 ) can be
mproved by applying the correct extinction distance distribution,
hich is also supported by the values of  in Tables 2 and 3 . The
ost notable improvements are with the power-law distributions
ecause the computational distributions account for the shape dif-
erence of the particles (see Figs. 10–13 ). By comparing the scat-
ering elements S , S , S , S , and S , it is clearly visible that12 22 33 34 44 he pure RT approach is not enough and, by adding a mantle of
iscrete particles, the discrepancies between the RT and GO can
e corrected. The small discrepancy between the methodologies
hows that surface structure and shadowing cannot be omitted
hen the medium is dense, and hence, the hybrid model should
e used. In the dense cases ( v ≥0.3) the extinction distance cor-
ection seems to work but it is the degree of linear polariza-
ion ( −S 12 /S 11 ) and the depolarization ( S 22 / S 11 ) that reveal an even
orse match with the “ground truth”, and even the hybrid model
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Table 1 
16 different extinction mean free path lengths obtained by ﬁtting an exponential func- 
tion to the data in Fig. 5 (orange line), compared to the extinction mean free path 
lengths 	 0 obtained by using Eq. (14) . 
v Particle sizes eGO 	 0 
0.05 constant 4239.0 4813.1 
0.1 constant 1990.0 2406.5 
0.3 constant 470.0 802.2 
0.4 constant 292.0 601.7 
0.05 power law 2248.0 1499.3 
0.1 power law 1049.4 749.7 
0.3 power law 254.5 249.8 
0.4 power law 146.3 187.4 
Table 2 
The single-scattering albedos ˜ ω and the mean absolute percentage errors  for Figs. 6–
9 (constant particle size, m = 1.6+i0.0 0 01). Diffuse method is abbreviated by “diff”, hybrid 
method by “hyb” and the usage of the classic extinction mean free path by “c”. 
GO diff, c diff, eGO hyb, c hyb, eGO 
v ˜ ω ˜ ω  (%) ˜ ω  (%) ˜ ω  (%) ˜ ω  (%) 
0.05 0.87 0.87 5 0.86 1 0.87 4 0.86 6 
0.1 0.84 0.82 6 0.82 4 0.82 3 0.82 3 
0.3 0.70 0.66 16 0.63 8 0.67 7 0.67 4 
0.4 0.65 0.60 17 0.56 13 0.62 8 0.62 4 
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e  
w  
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t  
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o  
c  
g  with the classical mean free path length is able to outdo the dif-
fuse model. 
Although the hybrid model with the extinction distance distri-
bution seems to work in the dense cases ( Figs. 8–9 and 12–13 ),
similar results can be obtained by using the hybrid model with the
classical extinction mean free path lengths. This is strong evidence
for the surface roughness being the most important contributing
factor to the outcome. This is also shown in the s of Tables 2 and
3 which indicate that the classic and eGO are both good. The small
discrepancies are due to convergence problems, which are indi-
cated by small ﬂuctuations in the forward scattering direction (see
Fig. 14 ). Another possibility is to study the entire scattering angleFig. 10. Nonzero scattering matrix elements for an aggregate with v = 0.05 andange in Fig. 14 , which shows that even though the backscatter-
ng might be correct, the forward scattering might not be. This is
robably due to holes in the mantle because the thin mantle of
quisized particles can have large holes, as shown in Fig. 2 . This
ould imply that if the mantle is thick enough, the underlying ex-
inction rule can have inaccuracies. This is not surprising because
he scattering in the thick opaque mantle dominates the scattering
n the core. 
The hybrid model results can be improved by adjusting the size
f the inﬂated RT core, as is shown in Fig. 15 , in which the inﬂated
ore is compared against the spherical core that would result in a
ap between it and the mantle. Fig. 15 shows that by making the m = 1.6+i0.0 0 01 in the case of a power-law size distribution of particles. 
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Fig. 11. Same as Fig. 10 , but v = 0.1. 
Fig. 12. Same as Fig. 10 , but v = 0.3. 
Table 3 
Same as Table 2 , but for Figs. 10–13 (power-law size distribution). 
GO diff, c diff, eGO hyb, c hyb, eGO 
v ˜ ω ˜ ω  (%) ˜ ω  (%) ˜ ω  (%) ˜ ω  (%) 
0.05 0.91 0.86 28 0.94 4 0.91 25 0.92 6 
0.1 0.87 0.86 25 0.90 4 0.85 20 0.89 4 
0.3 0.73 0.70 30 0.75 7 0.71 12 0.74 6 
0.4 0.67 0.66 31 0.70 12 0.66 9 0.68 10 
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Fig. 13. Same as Fig. 10 , but v = 0.4. 
Fig. 14. Scattering elements S 11 , S 22 and S 33 of Figs. 9 and 13 expanded to show the full scattering angle range. 
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t  inﬂated core smaller, the hybrid model would have a better match
with the ground truth. The phase function would tilt to the correct
position, and the maximum polarization would become higher. Ad-
ditionally, the extinction distances are determined from the ﬁrst-
order scattering, which makes the initial conﬁguration of the ray
affect the distribution. If the second or third-order of scattering is
used, the results could be improved. 
The hybrid model will require more computing capacity due to
the more rigorous computations in the mantle compared to the
classical RT solution. The most demanding computation in thisaper was the power-law size distribution ( v = 0.4) case in which
28 conﬁgurations were simulated in parallel. The mesh generation
ook around 8 hours, and an additional 12 hours were required to
un the light scattering framework (17 0 0 0 rays). In comparison,
he light scattering framework with the hybrid model was able to
race 30 0 0 0 rays in 12 hours without problems of convergence,
hereas the pure RT approach method took around 30 minutes
n total. The RT core enables the use of a faster ray-tracing algo-
ithm, because it is easier to check the distance to the surface of
he sphere instead of using the AABB-tree for ray-triangle inter-
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Fig. 15. Comparison of the effects of the gap to the results in Fig. 11 . 
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 ection checks. An improved version of the new framework can be
ritten by replacing the generalized ray-tracing functions with a
ore specialized ray-tracing engine. 
There is also a question about the validity of the used mesh
acking algorithm, but the light scattering characteristics obtained
rom the meshes, which were randomly placed (for v = 0.1–0.3) or
echanically contracted (for v = 0.3–0.4; e.g., compare Figs. 11, 12 ,
nd 13 ), do not show any worrisome trends due to the packing
lgorithm. 
If the sparse medium is studied, the extinction distance distri-
ution should be used, whereas dense media requires the hybrid
odel. The safest option would be to use the hybrid model with
he extinction distance distribution in all of the cases, but if the
antle is thick and opaque enough, the underlying extinction rule
n the RT core can have inaccuracies. 
. Summary 
A new SIRIS4 framework was implemented in order to vali-
ate and create an approximation for multiple light scattering in
ulti-particle media in the geometric optics regime. The compar-
sons show that the radiative transfer approach can be improved
or dense media by adding a mantle of discrete particles around
iffusely scattering core and using the numerically acquired ex-
inction distance distribution. The improved hybrid model will be
 valuable asset for modeling planetary regoliths, which are out
f reach for the pure geometric optics approaches due to compu-
ational complexity. The model can be improved by studying the
ehaviour of the extinction distance distribution more thoroughly
nd implementing a better characterization of the diffuse core. 
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